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A note on C Galerkin methods for two-point boundary problems )

by

M. Bakker

ABSTRACT

As is known [4], the C0 Galerkin solution of a two-point boundary p
lem using piecewise polynomial functions, has O(h2k) convergence at the
knots, where k is the degree of the finite element space. In this note,
is proved that on any segment there are k-1 interior points where the
Salerkin solution is of O(hk+2), one point better than the global order

convergence. These points are the Lobatto points.

KEY WORDS & PHRASES: two-point boundary problems, finite element method,

superconvergence, Lobatto points.
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1. INTRODUCTION
We consider the two-point boundary problem
Lu = - (p(x)u")' + g(x)u = £(x), x e [0,1] = 1;
u(0) = u(l) = 0.

We suppose that p, g and f are such that (1) has a unique and sufficient
smooth solution.
Let, for a constant integer N, A: 0 = x_<x,<...<x_= 1 be a part

0 1 N
tion of I with

h=N "; x, = jh; I, =[x, x.]
j = 3 3=1"73

and let for a constant integer k =2 2 and for any interval E c I, Pk(E) k
the class of polynomials of degree at most k restricted to E.

We define for m 2 0 and s = 1

wrS@E = {v |Djv € LS(E), 3 =0,...,m};
1) = w2 (E);
1 1
Hy (D) = {v|ven (; v =v() = 0};
(2)
ME(a) = {v]|v B (1) ; P (I.), =1 N};
0 € 0 i V € k j y J = 7ooeoy H
m .
Iyl =Y Ipvi? 7
WS (B) j=0 L5 (E)
: m . . 1
vl - =C] v,olv , 7%
H (E) j=0 L7 (E)
where Dj denotes dj/dxj. If E= I, we write (o,B) instead of (a,B)

L2 (1)

lal i £ ol .
o m instead o Q O ()

Let U € MO(A) be the unique solution of




k

B(U,V) = (£,V), V € MO(A),

1 1 . .
B: HO(I) x HO(I) +~ IR is defined by

1,

B(u,v) = (pu',v') + (qu,v); u,v € HO\I).

sume that B is strongly coercive, i.e. there exists a C > 0 such that
2 1
B(v,v) 2 C“v”l, v € HO(I).

> sequel, we assume that C, C1, C2, etc., are generic positive constants

cessarily the same.

1 +
1. Let u ¢ HO(I) n Hk 1(I) be the solution of (1) and let U € ME(A)
? solution of (3). Then the error function e(x) = u(x) - U(x) has the
k+1-£
el B < Il =
el, Ch LY £ =0,1;
2k
< [ al = ... ,N-1;
|e(xj)| Ch uk+1’ J 1, /N-1
lel < Chk+1“u"k+1.
L (I)
See [5]1, [4] and [6]. g

n the next §, we prove that the local order of convergence improves
:ly at specific points interior on Ij, if u satisfies stricter smooth-

‘equirements on the interior of Ij.
JER OF CONVERGENCE AT LOBATTO POINTS

mn the segment [-1,+1], we define the Lobatto points 00,...,Gk by

2, d _ _
(1'0£) aE-Pk(OK) = 0, £=0,...,k,




Pk(o) is the k-th degree Legendre polynomial. Associa
l is the quadrature formula (see [1, formula 2.5.4.32]

+1

k
J f(o)do = ) w f(o + ka (s € (-1,+1));
£=0
-1
wp = 2 5 £ =o0,...,k.
k(k+1)[Pk(O£)]
(7) and (8), we define
E.p = X + E-(1+0 ) ; L =0 k: o= 1
7 B B R A AARES AR
( s>*—3‘—]§ (£.,) B(E. ) B e wrrT(r.)
Q, 3 =5 250 WKOL Ej:@ Ej»@ 7 o,B € 3
%’ X
(a,B), = (a,B) ..
h =1 3

Ne return to problems (1) and (3). It is known that
K
B(e,V) = 0, V € MO(A).
1y Ij, we define

k k : _
MO(Ij) ={v]ve MO(A), supp (V) = Ij}.
nporarlly drop the subscrlpt j from the numbers Eﬂ . We
asis {¢ } for M (I ) by

Siﬂ is the Kronecker symbol. If we elaborate (10) for
;-..,k=1, we get

1 gk ‘
(e,L¢,) = [px)e(x)o, (x)],_, i=1,...,k-1.
i i Eo

¢imation of (e,L¢i) by Lobatto quadrature yields

this

ne a I




k-1 £
-1 1 k
21 wplé, (Ep)e(E,) = 2h [p(X)e(X)¢i(x)]€O-woe(€0)L¢i(EO)-
2k 2k
(14) | ~wke(gk)L¢i(gk) +Ch™D (eL¢>i) (& € Ij) ,

i=1,...,k-1.

This is a linear system for e(El),...,e(Ek_l). We have to prove the non-
singularity of (w L¢i(££)) and to compute the order of the solution.
Take a V € MO(Ij) represented by

k-1
V(x) = i§1 v s ().
Suppose
k-1
) woLé. (Ep)v, = 0, i=1,...,k1.
h=1
Then
h k§1 k§1 N kil
0 =+ W v v.Lo, (§)) = & WV (§,)LV(E))
T A AL T R A B A
= w,mv) + cn XK Ly (¢ e 1),

Hence

Wi s s ol | < ™ iv?
H (I.) . L (I.) worl)
J J ‘I]
<™ v’ <cwdv?
H (I.) H (I.)
J J

which is only true if V = 0, which proves the nonsingularity of (WKL¢i(€£))'
. . : 2 ~ 2 n —

if h is small enough. Since h WKL¢i(E£) h wzp(££)¢i(€£? = ciﬂ' Ygere

S p is of 0(1), as h >~ 0, all the entries of (WKL¢i(££) are of O(h "), hence
the entries of its inverse are of O(h2).

We turn to the second part of our problem. The first three terms of the




hand side of (14) are of O(h2k—2“u||k ). For the last term, we prove

+1

2k
ID™" (eLo ) I < clel g, I .
L(1,) Wy W)
J J J
~3], it can be proved that
k+1-£
Iall <
] Ch ul, v £ < k;
Ip-el . <
L (Ij) "Dzu" i} ' 2> k.
L (I.)
J
armore,
-k
e | < ch T,
¢i W2k,°°
we summarily have
k-1
k k-2
| '} w,Lé. (E)e(E,) | < ch [lul . h + Nl 1,
221 L7718 £ k+1 W2k,w(1.)
J
i=1,...,k-1.
This was the last step in the proof of
k+1 2k,

1
IM 1. Let u € HO(I) n H

N
(I) n .0, W
k =1
ot U € MO(A) be the solution of (3). Then the error function has the

oo(Ij) be the solution of (1)

error bounds.

Clal, 1572 4 1,

k+2
Ch +1 2k, »

le(gj/@)l <

3ATTO QUADRATURE

Jsually, B(,) and (,) are to be evaluated by numerical quadrature. We

show that Lobatto quadrature leaves the order of convergence at the




to points invariant.

We define

N 2k,
= [ ' . ’
Bh(oc,B_) (pa',B")y + (a,0,B),; a,B € jgl W (Ij),
(,)h is defined by (9).
2. Let Y € ME(A) be the solution of
B, (Y,V) = (£f,V) V e Mk(A)
h ™' S s 0
1 k+ N ©
et u € HO(I) n H 1(I) n jgl W2k' (Ij) be the solution of (1). The
rror function n = u-Y has the bounds
2k
< Il £l ; = PP -
ln(xj)l Ch £ 2k, A J 1, N 11
is small enough, with
N
2 5
Il £ll = I £l
£y » ['Z £17, 1°.
j=1 H (I.)
J
See [4]. O
Ne now consider €(x) = U(xX) - Y(x), where U is the solution of (3)
(3) and (22), we obtain for every'Ij
IB(e, M| < [(£,v) - (£,v), | + |B (¥,V) -B(Y,V) |
< cnZxH vl e, +lvl 3, ve M§<
H (Ij) H (Ij) H (Ij)

take for V any of the basis functions ¢i of Mg(Ij), as defined by

we have

£l - + 1yl 1, L i=1,...k-1.

H (I.) H (I.)
J J
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k-1

T -1
21 wpe (Ep) Lo, (E5) = 2h "B(e,¢,)

,e:
- woe(.EO)Ltbi(Eo) - WkE(Ek)Lfbi(Ek)

g
k + Ch2kD2k(€L¢i)(£ € Ij)

2 v
- E{P(x)e(x)¢i(x)]g0

Ip (€L¢i)|| . < clel K e Il¢ill K

I, ! . (1.
L (I.) W (Ij) W (Ij)

—2k) g “k+Ly g

<
= Ch ok, A’

< Ch

ve

k-1

k
1 WKE(EK)Lq)i(gE)] < Clh Ch el 2k + Il ]

I
L= H™(I.) H (I.)
j J

2k-2 k+1
I £ll
+ C2h £ ok + C.h

el
A £ 2

k,A"

onsingularity of (WKL¢i(€£)) has already been proved, its inverse

2
21 ), hence we have

letEy) | < Clhk+2[“fﬂ - + Iyl 1+ c hk+3"f"2k i

H (I.) H (I.) !

J . J
(see [3]).
Iyl < linl + lul < chllul . + lul
B (1.) 7 (1) 7 (1) kel 7 (1)
J J J J
< clul_,

n prove by combination of (20), (29) and (30)




k+ 2k,

1 1 N I
EM 2. Let u € HO(I) n H (I) n jgl W (Ij) be the solution of (1)
et Y n Mg(A) be the solution of (22). Then the error function n has

ounds

hk+2 k+3

CIhel

I
sz + lua k+1]4—C2h

In(iz.)l <cC
3 1
(I.)

3

el
£ 2k, A’

i=1,...,N; £ =1,...,k-1. 0
NCLUSIONS

We have found a lighter form of superconvergence at other points than
nots. The findings of this paper stress the important part that

to points play in the CO Galerkin method for two-point boundary prob-
This is especially true for k = 2, since in that case the error is
h4) at all Lobatto points.

The results of this paper can be easily applied to the case of two-
initial boundary problems, (see [2]) and probably to other cases, as

near boundary problems.
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